
PROCESS SYSTEMS ENGINEERING AND PROCESS SAFETY 
Chinese Journal of Chemical Engineering, 21(1) 55—63 (2013) 
DOI: 10.1016/S1004-9541(13)60441-3 

Solution of Chemical Dynamic Optimization Using the 
Simultaneous Strategies* 

LIU Xinggao (刘兴高)**, CHEN Long (陈珑) and HU Yunqing (胡云卿) 
State Key Laboratory of Industry Control Technology, Department of Control Science & Engineering, Zhejiang 
University, Hangzhou 310027, China 

Abstract  An approach of simultaneous strategies with two novel techniques is proposed to improve the solution 
accuracy of chemical dynamic optimization problems. The first technique is to handle constraints on control vari-
ables based on the finite-element collocation so as to control the approximation error for discrete optimal problems, 
where a set of control constraints at element knots are integrated with the procedure for optimization leading to a 
significant gain in the accuracy of the simultaneous strategies. The second technique is to make the mesh refine-
ment more feasible and reliable by introducing length constraints and guideline in designing appropriate element 
length boundaries, so that the proposed approach becomes more efficient in adjusting elements to track optimal 
control profile breakpoints and ensure accurate state and control profiles. Four classic benchmarks of dynamic op-
timization problems are used as illustrations, and the proposed approach is compared with literature reports. The 
research results reveal that the proposed approach is preferable in improving the solution accuracy of chemical dy-
namic optimization problem. 
Keywords  dynamic optimization, simultaneous strategy, control constraints, mesh refinement, solution accuracy 

1  INTRODUCTION 

With the growing appreciation for dynamic simu-
lation in computer aided chemical process engineering, 
accurate chemical dynamic optimization tools have 
become more and more important [1, 2]. Dynamic op-
timization has been used in a number of off-line and 
on-line problems in process industry [3-9], including 
transitions between specified operating conditions, 
operating profiles for batch process operation, pa-
rameter estimation, model development and discrimi-
nation for dynamic systems, design of control systems, 
and the solution of optimization problems for control 
and identification, especially non-linear model predic-
tive control (NMPC) [10-13].  

A wide variety of approaches have been devel-
oped to solve chemical dynamic optimization prob-
lems and could be classified into direct methods and 
indirect methods. Indirect methods, based on Pon-
tryagin’s maximum principle, formulate the problem 
in variational form and bring up the necessary condi-
tions for optimality as a two-point boundary value 
problem (TPBVP), then use various iterative methods 
to obtain the solution of the resulting TPBVP [14, 15]. 
Direct methods are characterized by transforming the 
original infinite dimensional dynamic optimization 
problem into a finite dimensional nonlinear program-
ming (NLP). In contrast with indirect methods, direct 
methods do not require an analytic expression for the 
necessary conditions, nor initial guesses for the ad-
joint variables. Instead, the dynamic (state and control) 
variables are adjusted to optimize the objective function 

directly [16-18].  
The most widely used direct methods include 

control parameterization (CP) techniques and simul-
taneous strategies. In CP techniques, also known as 
the sequential strategies, only the control variables are 
discretized over finite elements by polynomials. The 
coefficients of the polynomial and the mesh size be-
come the decision variables in the resulting NLP 
problem [19-21]. The gradient of the objective function 
with respect to the control coefficients and parameters 
can be calculated either from direct sensitivity equa-
tions of the differential algebraic equation (DAE) sys-
tem or by integration of the adjoint equations [22, 23]. 
However, the requirement of repeated numerical inte-
gration of the DAE model makes the solution proce-
dure time consuming for large scale problems, and 
dealing with path constraints is another difficulty. 
Furthermore, sequential approaches cannot handle 
open loop unstable problems. More information on 
these approaches can be found in literature [24-26]. 

Simultaneous strategies fully discretize both con-
trol and state variables by piecewise polynomials on 
time intervals (called finite elements), leading to larger- 
scale NLP problems, where the coefficients and inter-
val lengths become the decision variables, and special 
optimization strategies [27, 28] are usually required. 
Corresponding to a particular implicit Runge-Kutta 
method, simultaneous strategies directly couple the 
solution of the DAE system with the optimization 
problem. The DAE system is solved only once at the 
optimal point, avoiding excessive computational effort. 

The simultaneous strategies have a lot of     
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advantages [29-33], and the main shortcoming may be 
the large dimensionality of the resulting NLP, but this 
can be solved efficiently using large-scale NLP solvers, 
such as IPOPT (a primal-dual barrier NLP method) 
and by exploiting the structure of the collocation 
equations [33-35]. Recently, more attention has been 
paid to three basic issues associated with the simulta-
neous strategies: adjoint estimation, convergence and 
convergence rates, which are closely related and con-
stitute an interesting and active area of research [36-39]. 

The purpose of this study is to explore a simul-
taneous approach with two novel techniques for im-
proving the solution accuracy of chemical dynamic 
optimization problem. A set of control constraints at 
finite-element boundary points is proposed to enforce 
the accuracy requirement. In many cases, lacking of 
these constraints may lead to insufficiency for getting 
a precise optimal trajectory. By extrapolating the or-
thogonal polynomials of the control variables, the 
control constraints are extended to boundary points of 
each finite element. Another technique for refining 
finite elements in simultaneous strategies is proposed. 
Adjusting and adding finite elements is very important 
for accurate representation of state profiles and opti-
mal breakpoint locations in control profiles. The first 
improvement ensures the control profile within the 
desired range at the collocation points, and the second 
improvement decreases the degree of freedom in the 
NLP optimization process, so that the accuracy is in-
creased. The effect of the second improvement is simi-
lar in numerical integration: the accuracy increases 
from Newton-Cotes integration method to Guass inte-
gration, while the degree of freedom is decreased. 
Tanartkit and Biegler [40] proposed a nested strategy 
with elements adjusted in outer loop while the control 
and state variables optimized in inner loop. When suc-
cessful, the strategy requires repeated nonlinear pro-
gramming solutions as well as safeguards to deal with 
non-differentiable functions. In this study, a novel 
simple and reliable length constraints and a guideline 
for adjusting the element lengths are proposed to en-
sure that the discrete problem is an optimal approxi-
mation to the original one. 

2  FORMULATION OF PROBLEM 

We consider a general chemical dynamic optimi-
zation problem (P1) with constraints 

f f( ), ( ), ( ),
min [ ( ), ]

z t y t u t v
z t t=ψJ  

s.t. DAE model: 
( ) [ ( ), ( ), ( ), ]z t z t y t u t v= f          (1) 

[ ( ), ( ), ( ), ] 0z t y t u t v =c           (2) 

f f[ ( )] 0z t =c               (3) 

Initial conditions: 

0 0( )z t z=                (4) 

Boundary constraints: 
L U L U

L U L U

( ) , ( ) ,

( ) ,

z z t z y y t y

u u t u v v v

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤       (5) 

The unknowns in this optimization problem are the 
differential state vector ( ) nt R∈z , algebraic state vec-
tor ( ) kt R∈y , control vector ( ) mt R∈u  for 0 f[ , ]t t t∈ , 
as well as time-independent parameter vector v. T( )t =z  

(1) (2) ( )[ ( ), ( ), , ( )]nz t z t z t . 
The vector function f is assumed to be continu-

ous differentiable with respect to z and u. Without loss 
of generality, the chemical dynamic process model is 
assumed to be a DAE system with index 1≤ , because 
a high-index DAE model can be transformed into an 
equivalent DAE with index = 1 as using the dummy 
derivative method described in [41, 42]. Eq. (2) are path 
constraints, while Eq. (3) are end-point constraints. 

3  IMPROVED SIMULTANEOUS APPROACH 

Simultaneous strategies fully discretize the DAE 
system by piecewise polynomial functions over finite 
elements, 0 1 fNEt t t t< < < = , 1i i ih t t −= −  (NE is 
the number of finite elements). The state and control 
profiles are described by the Lagrange interpolation 
polynomials in each element: 
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−∏ , K is the number of col-

location points , and zij (i = 1, ,NE;  j = 1, ,K) rep-
resent orthogonal collocation (OC) coefficients pro-
duced by Lagrange polynomials and are convenient to 
provide variable bounds, initialize state profiles, or 
interpret solution profiles. Alternatively, a monomial 
basis representation [43] can be used to apply colloca-
tion on finite elements, which leads to smaller condi-
tion numbers and rounding errors. The control vari-
ables and algebraic state variables are approximated 
over the interval 1[ , ]i it t t−∈  in the following form 
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and ijy  are collocation coefficients. 
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Figure 1 illustrates the collocation method on fi-
nite elements. As most simultaneous strategy studies, 
discontinuity is only allowed in u(t) and y(t) at element 
boundaries, although continuity of z(t) is retained, 
which will be further discussed in the next section. 

After discretization, the differential-algebraic equa-
tions of problem P1 can be expressed as 

0
( ) ( , , , ) 0

K

j k ij i ij ij ij
j

z h z y u vτ
=

− =∑ f ; 

1, , ; 1, ,i NE j K= =          (9) 

( , , , ) 0ij ij ijz y u v =c ;   1, , ;i NE=    1, ,j K=  (10) 

where the expression ( ) d ( ) / dj jτ τ τ=  can be calcu-
lated offline since it depends only on the location of 
Legendre roots, (0,1)jτ ∈  are Gauss points and 0 0τ = , 
we have 

0 ( 1)
0

( 1)
K

i j i j
j

z zτ −
=

= =∑ ,    2, ,i NE=   (11) 

In order to control the approximation error, two 
novel effective modifications are proposed as follows. 

Firstly, the control variables u(t) in Eq. (7) are 
defined as Kth-order polynomials, one order lower 
than state variables in each element. iju  ( 1, , ;i NE=  

1, , )j K=  interpret the control profiles and the 
bounds of control variables are given by 

L U , 1, , , 1, ,iju u u i NE j K= =≤ ≤  

Obviously, the constraints of control variables are 
enforced only at the collocation points, excluding the 
boundary points. An implicit assumption is that dis-
continuity of control variables is allowed at bounda-
ries of elements. As a result, the solution is sought 
with a fixed number of non-smooth points.  

To enforce the accuracy requirement, the control 
constraints at the boundaries of each element are add-
ed to the above NLP problem (P1), so as to ensure the 
constraints not being violated at the finite element 
points in time: 

L U( ) , 1, ,iu u t u i NE=≤ ≤      (12) 
L U

1( ) , 1, ,iu u t u i NE+ =≤ ≤      (13) 

where ( )iu t  and 1( )iu t +  are calculated by extrapolat-
ing each piecewise polynomial of control variables to 

the end point of the element 

1
( ) ( 0), 1, ,

K

i ij j
j

u t u i NEτ
=

= ⋅ = =∑    (14) 

1
1

( ) ( 1), 1, ,
K

i ij j
j

u t u i NEτ+
=

= ⋅ = =∑     (15) 

where 0τ =  and 1τ =  indicate the location of the 
collocation points (or the initial and end point of each 
element). 

Secondly, another crucial factor for the quality of 
final optimal solution is the lengths of finite elements. 
Adjusting and adding finite element is essential for the 
representation of accurate state profiles and also to 
optimal breakpoint locations in control profiles [44]. 
However, the treatment of the element size determina-
tion also is one of the serious difficulties in the solu-
tion procedure, which is concerned with stability, ac-
curacy and optimality conditions of the solution. 

By using simultaneous strategies, both element 
lengths and control variables can be determined via 
sequential quadratic programming (SQP) as degrees of 
freedom in the problem. 

An efficient approach of incorporating element 
placement constraints in the NLP problem (P1) is 
proposed to provide an effective refine mesh on the 
finite element lengths: 

L U , 1, ,i i ih h h i NE=≤ ≤       (16) 

where L
ih  and U

ih  are specially selected depending on 
the practical optimization problems. The choice of L

ih  
is similar in magnitude to the size of the expected origi-
nal performance criterion if the states are well-behaved, 
and U

ih  is similar in magnitude to the size of expected 
end-point time ft . 

The guide for obtaining L
ih  and U

ih  is to solve 
the problem by first enlarging the feasible area and 
relaxing the constraints on controls and then using these 
initial guesses to design desirable parameters accord-
ing to the optimal performance index.  

These embedded boundaries can make the tailor-
ing to elements more adaptive, and therefore provide a 
number of opportunities for minimizing the approxi-
mate error between the discrete optimal solution and 
the continuous one. 

With the proposed control constraints and ele-
ment placement constraint, problem P1 is transformed 

 
Figure 1  Collocation on finite elements 



Chin. J. Chem. Eng., Vol. 21, No. 1, January 2013 58 

to a nonlinear program problem P2 as follows 

f f, ,
min [ , ]

ij ij ij
tz y u

z t=ψJ  

s.t.  
0

( ) ( , , , ) 0;
K

j ik ij i ij ij ij
j

z h f z y u vτ
=

− =∑  

1, , , 1, ,i NE j K= =  

( , , , ) 0ij ij ijz y u v =c ;    1, , , 1, ,i NE j K= =  

ff [ ] 0tz =c  

( 1)0
0

( 1)
K

i j ij
j

z zτ+
=

= =∑ ,    1, , 1i NE= −  

,0 0 0( )iz z t z= = ,    
f

0
( 1)

K

t j NEj
j

z zτ
=

= =∑  

L U
ijz z z≤ ≤ ,  L U

ijy y y≤ ≤ , 

L U
iju u u≤ ≤ ,  L Uv v v≤ ≤ ; 

1, , , 1, ,i NE j K= =  

L U

1
( ) ( 0)

K

i ij j
j

u u t u uτ
=

= ⋅ =∑≤ ≤ ;    

1, , , 1, ,i NE j K= =  

L U
1

1
( ) ( 0)

K

i ij j
j

u u t u uτ+
=

= ⋅ =∑≤ ≤ ;    

1, , , 1, ,i NE j K= =  
L U
i i ih h h≤ ≤ ;    1, ,i NE=  

Consider the solution of the NLP (P3) resulted 
from the simultaneous strategies of problem P2: 

min ( )
x

xg  

s.t.  ( ) 0x =F  
L Ux x x≤ ≤  

where , 1[(d / d ); ; ; ; ( ); ( ); ; ]i j ij ij ij i ix z t z y u u t u t t v+= . 
Considering the large problem size, large number 

of inequalities and a potentially large number of de-
grees of freedom, the IPOPT algorithm [45, 46] is em-
ployed to solve the above NLP problem. The algorithm 
follows a barrier approach, where the bound constraints 
are replaced with logarithmic barrier terms added to 
the objective function (P4): 

L U

1 1
min ( ) ( ) ln ln

n n

i i i i
i i

x x x x x xμ μ
= =

⎡ ⎤ ⎡ ⎤= − − − −⎣ ⎦ ⎣ ⎦∑ ∑ϕ g  

s.t. ( ) 0x =F  

where μ is a barrier parameter, 0μ > ; and ix  denotes 
the ith component of vector x. Since the objective func-
tion of this barrier problem becomes arbitrarily large 
as ix  approaches either of its bounds, a local solution 

x*(μ) of this problem lies in the interior of this bounds, 
i.e. Ux > x*(μ) Lx> . The degree of influence of the 
barrier is determined by the size of μ, and under mild 
conditions [47]. x*(μ) converges to a local solution x* 
of the original problem (P3) as μ → 0. 

Consequently, the strategy for solving the origi-
nal NLP is to solve a sequence of barrier problem (P4) 
for decreasing barrier parameters μl, where l is the 
counter for the sequence of sub-problems. IPOPT fol-
lows a primal-dual approach and applies a Newton 
method to the resulting Karush-Kuhn-Tucker (KKT) 
conditions for each sub-problem l. This leads to a so-
lution of the following liner system at each Newton 
iteration k 

T ( )
( )0

kk k k

kk

x x
x

Σ
λ+

Δ⎡ ⎤ ⎡ ⎤ ∇⎡ ⎤+
= −⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦⎣ ⎦
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where kH  is the Hessian matrix of the Lagrangian 

function T[ ( ) ( ) ]k k kx x λ∇ +g F , ( )k kx= ∇A F , and 
L L 1 U U 1( ) ( )k k k k kV x X V X XΣ − −= − + −  is the barrier 

term, with diag( )x=X . The exact first and second 
derivatives for this method can be evaluated in a 
number of ways, such as automatically through the 
AMPL (a modeling language for mathematical pro-
gramming) interface [48]. 

4  NUMERICAL EXAMPLES 

In order to evaluate the performance of the pro-
posed simultaneous approach, a few benchmark prob-
lems are used, which present various challenges such 
as bang-bang behavior, singular arc, discontinuities in 
optimal profiles, etc. The problems have been solved 
by different numerical techniques, so the available data 
are used for comparison. Although comparing CPU 
time on different platforms or iterative times for differ-
ent approaches is unreasonable, the available data of 
them are also given as open literature reports in this field 
to provide more information, in addition, their low 
values of the proposed approach reveal its efficiency. 

4.1  Case 1: Catalyst mixing problem 

This example was introduced by Gunn and Tho-
mas [49] and considered in a number of studies. It was 
solved analytically [50] and numerically [21, 40, 51, 52]. 
The problem involves a plug-flow isothermal reactor 
with two catalysts, which activate three reactions: 
A B C⎯⎯→ ⎯⎯→ , and the rates of activation are var-
ied for each pair of reaction and catalyst agents. Dif-
ferent catalyst mixing policies will lead to a wide 
range of product compositions. The goal is to find the 
optimal profile for catalyst blend along the length of 
reactor such that the production of component C is 
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maximized. Detailed model is as follows 

3 fmax ( )
u

x t=J  

s.t.  1 2 1( ) ( ) [10 ( ) ( )]x t u t x t x t= ⋅ −  

2 1 2 2( ) ( ) [ ( ) 10 ( )] [1 ( )] ( )x t u t x t x t u t x t= ⋅ − − − ⋅  

3 1 2( ) 1 ( ) ( )x t x t x t= − −  

1 2(0) 1.0, (0) 0x x= =  

0 ( ) 1.0u t≤ ≤  

f0 t t≤ ≤  
where x1, x2, and x3 are the mole fractions of sub-
stances A, B and C respectively, u is the fraction of 
catalyst (associated with the reversible reaction), and tf 
is the reactor length. 

The example poses a severe test for optimization 
methods because of the index problem. The Hamilto-
nian function H of the problem is a linear function of 
u and the partial derivative of H with respect to u has 
to be differentiated three times before an explicit ex-
pression of the derivative of the manipulated variable 
can be obtained. Therefore, the index of the system 
along with the singular arc is three.  

Logsdon and Biegler [51] showed that because 
the singular segment is of index 3, it is necessary to 
apply a higher order collocation method to solve this 
problem. They converted this problem from index 3 to 
index 0 by parameterizing the control variables, using 
variable length piecewise constant sections, and ob-
tained control profiles that matched the analytical so-
lutions. Vassiliadis [21] solved this problem for the 
reactor length of 1.0 with control parameterization 
techniques and obtained an analytical optimal value of 
0.0480557 after 38.1 CPU seconds as shown in Table 6. 
Tanartkit and Biegler [40] employed a nested simulta-
neous strategy and achieved a value of 0.04807 for 
tf = 1.0, using 90.0-112.5 CPU seconds. Dadebo and 
McAuley [52] applied iterative dynamic programming 
(IDP) technique to this problem and reported 0.04805 
for tf = 1.0 and 0.476946 (for tf = 12), where 0.476946 
is exactly the same as the analytical result demon-
strated by Jackson [50]. Using ant colony approach, 
Rajesh et al. [53] reached an optimal value of 0.47615. 
Banga et al. [54] adopted integrated-controlled-random- 
search method (ICRS) and reached a final value of 
0.0479 in 29500 iterations, while Irizarry [55] reached 
0.04805 after 1697 iterations using LARES method (a 
global stochastic optimization approach). 

In this study, the problem is solved for reactor 
lengths 12.0 and 1.0 using the proposed algorithm. For 
tf = 12.0, we start with the initial guess u = 0.5 and set 
element length constraints by 0.2≤hi≤12. When the 
number of elements is 2 and the number of collocation 
points is 15, the analytical optimum value of 0.476946 
is achieved with only 17.797 CPU seconds in 400 it-
erations, shown in Tables 1 and 6. For tf = 1.0, the ini-
tialization u = 0.5 is retained while the element bounds 
are changed to be 0.00006≤hi≤1. When the number 

of elements is 4 and the number of collocation points 
is 16, an optimal solution of 0.0480557 is obtained 
after a short computational time of 17.906 s in 400 
iterations, which is exactly the same as the analytical 
optimal value as shown in Tables 2 and 6. 

In order to examine the robustness of the pro-
posed algorithm, different segmentation and colloca-
tion parameters are used. The relevant statistics are 
given in Tables 1 and 2, in which all optimal objective 
results are very close to the analytical optimal value 
0.0480557 or 0.476946, so that the proposed approach 

Table 1  Computational results for catalyst
mixing problem (tf = 12.0) 

No. of elements No. of points Objective value No. of iterations

2 3 0.476946 400 

4 4 0.476950 400 

6 5 0.476941 400 

8 6 0.476945 400 

Table 2  Computational results for catalyst 
mixing problem (tf = 1.0) 

No. of elements No. of points Objective value No. of iterations

3 3 0.0480523 400 

3 4 0.0480580 400 

4 5 0.0480557 400 

9 6 0.0480542 400 

Table 3  Car problem—solution statistics 

No. of elements No. of points Objective value No. of iterations

2 2 30.000000 10 

2 3 30.000000 16 

3 2 30.000000 20 

4 2 30.000000 23 

Table 4  Computational results for parallel 
reaction in tubular reactor 

No. of elements No. of points Objective value No. of iterations

2 5 0.5738923 47 

3 5 0.5738923 47 

7 2 0.5738015 400 

Table 5  Computational results for unconstrained 
mathematical system 

No. of elements No. of points Objective value No. of iterations

2 3 0.761599 152 

2 4 0.761594 400 

4 4 0.761594 373 

6 2 0.761593 156 
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offers not only accurate but also robust numerical results. 
Figures 2 and 3 show the optimal control policy 

and corresponding state profiles for tf = 12.0 and 

tf = 1.0, all tendencies of which agree well with the 
results given in literature [50-53], proving the validity 
of the proposed approach. 

Table 6  Computational performance comparison of different algorithms for the test problems 

Previous study  Present study 
Problem 

Method [literature] Global optimum  Global optimum 
catalyst mixing problem tf = 12.0 ant colony [53] 0.47615  0.476946① 

  iterative dynamic programming [52] 0.476946①   
 tf = 1.0 nested simultaneous strategy [40] 0.04807  0.0480557① 
  ICRS method [54] 0.0479   

 LARES method [55] 0.04805   
 iterative dynamic programming [52] 0.04805   
 control parameterization [21] 0.0480557①, 0.0480553   

car problem nested simultaneous strategy [40] 30.0  30.000000① 
 control parameterization [21] 30.000000①   

parallel reaction in tubular reactor control parameterization [21] 0.57353  0.5738923 
 iterative dynamic programming [52] 0.57353   
 modified collocation-based NLP  [51] 0.57353   
 CVP/CVI [56] 0.56910/ 0.57349   
 nested simultaneous strategy [40] 0.5738②   

unconstrained mathematical system ant colony [53] 0.76238  0.761594① 
 iterative dynamic programming [57] 0.76159②   

① Analytical results. ② The best result from literature. 

 
(a) Optimum control profile 

 
(b) Optimum state profiles 

 x1;  x2;  x3 
Figure 2  Catalyst mixing problem results (tf = 12.0) 

 
(a) Optimum control profile 

 
(b) Optimum state profiles 

 x1;  x2;  x3 
Figure 3  Catalyst mixing problem results (tf = 1.0) 
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4.2  Case 2: Car problem 

As a demonstration of the ability of algorithm to 
locate the discontinuity, the classical optimal control 
example, car problem, is considered. The objective is 
to find an optimal acceleration strategy for a car to 
travel a predetermined distance in minimum time. The 
car starts and stops at zero velocity and it is assumed 
that there is no traveling speed limit. The problem is 
defined as follows 

f
f(.),

min
u t

t=J  

s.t.  1y u=  

2 1y y=  
T(0) [0, 0]y = ,  T

f( ) [0, 300]y t =  

2.0 ( ) 1.0u t− ≤ ≤  

f f0 , 0 50.0t t t≤ ≤ ≤ ≤  

where y1 is the velocity, y2 is the distance, and u is the 
acceleration. The latter is treated as the control vari-
able. The analytical optimal control profile to this 
problem is a bang-bang control strategy with a discon-
tinuity at 20 s. 

Vassiliadis [21] studied this example by using 
control parameterization techniques and obtained an 
optimal objective value of 30.000000, which is ex-
actly the same as the analytical result and is the best 
result up to now reported in the open literature, with a 
time expense of 2.5-2.9 CPU seconds as shown in 
Table 6. Tanartkit and Biegler [40] employed a nested 
simultaneous strategy and obtained a value of 30.0 
using 5.0-5.2 CPU seconds. 

In this study, we apply the proposed collocation 
method to this problem. The initial control profile is 
assumed a uniform value of 0.5. The element lengths 
are bounded by 0.1≤hi≤20. As shown in Table 3, we 
set different numbers of finite elements and colloca-
tion points, and obtain the analytical optimum value of 
30.000000 in all conditions using CPU time from 
0.156 s to 0.671 s, as shown in Tables 3 and 6, without 
any difficulty, revealing the accuracy and robustness 
of the proposed approach. 

4.3  Case 3: Parallel reaction in tubular reactor 

This is an interesting optimal control problem 
with the saturate control profile originally from Ray 
[19]. It was studied by several researchers [51, 52, 56, 
58], where a tubular reactor makes two products ac-
cording to the parallel reaction: A B⎯⎯→ , A C⎯⎯→ . 
The objective is to maximize the yield of B at the final 
time. The dimensionless model describing the system 
is (with x1 as dimensionless concentration of A and x2 
as dimensionless concentration of B) 

2 fmax ( )
u

x t=J  

s.t.  2
1 1( 0.5 )x u u x= − + ⋅  

2 1x u x= ⋅  
T(0) [1, 0]x =  

f0 5, 1u t =≤ ≤  
Biegler [56] studied this example by using control 

vector iteration (CVI) and control vector parameteri-
zation (CVP), and obtained J = 0.57349 and 
J = 0.56910 respectively for the case of a starting pro-
file of u = 1.0 as shown in Table 6. He concluded that 
the optimum with CVP could never reach that with 
CVI because the functional choice for u(t) is incom-
plete. Logsdon and Biegler [51] reported a better value 
of 0.57353 after 53 iterations using a modified collo-
cation-based NLP formulation. Applying the control 
parameterization techniques, Vassiliadis [21] obtained 
an objective value of 0.57353, with 93.2 CPU seconds 
based on SUN SPARC 2. Dadebo and McAuley [52] 
adopted iteration dynamic programming and achieved 
the same value. Later, Tanartkit and Biegler [40] ob-
tained a better objective value of 0.5738, which is the 
best result, up to now, reported in the open literature, 
using nested simultaneous strategy and requiring 164 
CPU seconds. 

In this study, the problem is solved by the im-
proved simultaneous algorithm. We start at the initial 
guess value of u = 0.5 and confine element lengths to 
1.0×10−6≤hi≤1.0. With two finite elements and five 
collocation points, the maximum of 0.5738923 are 
obtained using 0.625 CPU seconds based on Intel 
Celeron 430 (1.7G/512M) as shown in Tables 4 and 6, 
which is better than the best literature result, 0.5738, 
reported by Tanartkit and Biegler [40], further reveal-
ing the accuracy of the proposed approach. 

Table 4 gives the optimal yields of B for different 
parameters of elements and collocation points. All 
results are around the optimal value, revealing the ro-
bustness and accuracy of the proposed algorithm. Fig. 4 
gives the optimal control profile, which has saturation 
at the end and is consistent with the theoretical analy-
sis. The tendency agrees quite well with the results 
from previous research [51, 52, 56]. 

 
Figure 4  Optimal control profile for parallel reaction in 
tubular reactor 
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4.4  Case 4: Unconstrained mathematical system 

This case is from Luss [57] and Rajesh et al [53]. 
The detailed mathematical model of the problem is 
formulated as 

2 fmin ( )
u

x t=J  

s.t.  1x u=  
2 2

2 1x x u= +  
T

f(0) [1,0] , 1x t= =  
The problem has an analytical solution 

u*
2

2e sinh(1 )
1 e

t= − −
+

 

and a global minimum value 
2

min 2
e 1 0.761594
1 e

J −= ≈
+

 

Luss [57] used iterative dynamic programming 
technique to solve this problem and obtained an optimal 
result of 0.76159 as shown in Table 6, which is the 
best result in literature and very close to analytical 
value (0.761594). Rajesh et al. [53] reported a mini-
mum objective value of 0.76238 by using ant colony 
algorithm. 

The simultaneous approach proposed in this 
study is applied to this case. Starting with the initiali-
zation of u = 0 and mesh bounds of 0≤hi≤1.0, the 
global optimum value 0.761594 is achieved, which is 
exactly the same as the analytical value, and it is the 
first time to obtain the analytical solution result by 
numerical method, proving the accuracy of the pro-
posed approach. 

In order to examine the robustness of the proposed 
algorithm, different segmentation and collocation pa-
rameters are considered. Table 5 presents the optimal 
results for different segmentation and collocation pa-
rameters, which are very close to the analytical value, 
revealing the robustness of the proposed approach. 

Figure 5 show the optimal control policy. The op-
timal control profile obtained by our proposed approach 

match the analytical profile exactly. The tendency 
agrees quite well with those reported by Luss [57] and 
Rajesh et al [53]. 

5  CONCLUSIONS 

In this work, we present an improved simultane-
ous approach for solving chemical dynamic optimiza-
tion problems. Control constraints are extended to the 
finite-element boundary points so that the accuracy of 
the optimal control profiles is improved. Moreover, an 
effective mesh refinement technique is proposed to 
further improve the accuracy of chemical dynamic 
optimization algorithm. Several classic dynamic opti-
mization examples are carried out as illustrations. 

The results with the proposed approach are com-
pared with those in literature. For the cases with ana-
lytical result, the proposed numerical approach can 
achieve the analytical result; for the case with only the 
best literature result, the better global optimum is 
achieved by the proposed approach. These reveal the 
accuracy of the proposed approach. 

To examine the robustness of the proposed ap-
proach, different segmentation and collocation parame-
ters are explored. The optimal results are very close to 
the global optimum in all cases, revealing the robust-
ness of the proposed approach. 
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